Notes on trying to obtain a simple alternative to the natural scene environment

We are going to assume that the environment is made of random variables taken from a laplace (double
exponential), gaussian, or uniform distribution. Gaussian and uniform numbers have non-positive kurtosis, so
they will be the “noise” in the system, whereas the laplacian numbers will be the “structure”. We will then go
through the cases for 1D, 2D, 2D with 2 eyes (or 4D).

1 1D

1.1 Laplace Distribution

Calculating the densities

1
_ L 1.1
y = x-m (note: no sigmoid) (1.2)
_ _Jy ify=>0
= oly)= { 0 otherwise (1.3)
1
i = _—— e~ly/mi/A
(see section A.1) fy(y) ] e (1.4)
fyly) ify>0
fo(z) = { 30(y) ify=0 (1.5)
0 ify<o0

We will assume that m is positive, so we don’t have to carry the absolute value through the calculations.
Note that that any solution we find, say m = m,, must be positive, because it represents |m| = m,, but that the
solution will really be m = £m,.

Calculating the risk

R = B[] - 15[ (1.6)
oo 0o 2
_ %/m z3fz(z)dz—i (/Oo zzfz(z)dz) (1.7)
E[*] = /OO 22 f.(2)dz (1.8)
= ﬁ/ooo 22e 2 MA (1.9)
(see section A.2) = m2\? (1.10)
E[*] = /OO 23 f.(2)dz (1.11)
= 3m3\3 (1.13)
R=m?\* — im4)\4 (1.14)
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Fixed points

d
£ = 3m2\3 —m\? (1.15)
= m*N3B-mA\) =0 (1.16)
=m 0, 3 (1.17)
A
Stability
d’R 3 244
i 6mA° — 3m-A (1.18)
= 3mA3(2 —m\) (1.19)
d’R
T |m=0=0 unstable
_ (%'m 0 ‘ (1.20)
=5 lm=3/» <0 stable
So the only stable fixed point is m = 3/\ and 6 = E[z?] = 9.
1.2 Gaussian Distribution
Calculating the densities
(@) e (1.21)
x) = e .
’ V2ro?
y = x-m (note: no sigmoid) (1.22)
_ _Jy ify=>0
= oy = { 0 otherwise (1.23)
1
foly) = —m—emm /2 (1.24)
mv2mwo?
ny(y) ify>0
f(2) = § 29(y) ify=0 (1.25)
0 ify<o0
Calculating the risk
1 3 Lo o
R = ZE[2°] - —E?[7°] (1.26)
3 4
1 [~ , 1/, 2
= 2°fo(2)dz — = z2°f.(2)dz (1.27)
3/ 4\ /) o
1
B[] = gm0 (1.28)
3 2 3 3
E[Z*] = /=m’c (1.29)
™
L2 33 1 44
Y - — 1.30
R 3 7Tm o 16m o ( )
Fixed points
dR 2 543 1 54
ar- ]2 _1 1.31
o —mo” — - m’o (1.31)
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4 /2
=>m = 0,—\/j
oVm

Stability

gz—gg |m=0=20 unstable
a % med\/Z <0 stable

So the only stable fixed point is m = é\/g and 0 = 16/7 ~ 5.1

o

1.3 Uniform Distribution

Calculating the densities

1
folz) = % in the range [—a..q]

1
fy(y) = in the range [—ma..mal)

2ma

f2) = { ; z=0

s=— in the range [0..ma]

2ma

Calculating risk

Fixed points

dR 5 21 am
dm 8 36

— 0—
m " 2a

The stable fixed point is m = 9/2a and 6 = 27/8 ~ 3.4.

(1.32)

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)
(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)
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2 2D

2.1 Laplace-Laplace Mixture in 2D

Calculating the densities. Remember, we are still assuming that all weights are positive, for the calculations.

z

(from section A.1) fy. (v:)

(from section A.2)

Note: fy (y) |m1 =ma

Calculating the risk

X-m = 2T1mi + Tomso

= o(y)
= L tman
1
— =lysl/mi
2)\mie

y1 + Y2 (note: no sigmoid)

- / o (0 — ) o ()

— 00

1 /700 7} y—ya
— e my
4/\2m1m2

— 00

1

4)\m2

2A(m1 — ma)(my + ma) (mle

_ 1 e—lyl/mg)\ ( |y| + 1)
mg)\

B 3 27,2
R = gE[Z] e Eal
1 [ L/ [ ’
=3[ #ree- g ([ 2ree)
—00 — 00
1
E:2] — 22%m3 — ma2X3mi
[=*] 2X\(m1 — ma)(m1 +ma) (rm 2y = ma2Xms)
= )2 (m% + m%)
1
E3 — 6m° At — 6moAt
[Z } 2)\(m1 — mQ)(ml +m2) ( ™ " )
m5 _ m5
— 3)\3 1 2
3m‘? — mS 4 2 2\2
R L R
Fixed points
OR 5 3mi 2mi X3 (m3 — m3) 4 2 2
omi  mi-m3  (mi-md)? Ny (mi +m3)
5m3 2(mf —m3)
3 i i 2 2 2
= A’m (m%—mg_(m%—mg)Q_)\(ml—’_mZ)
OR 5 5m3 2(mf — m3) 2 2
omy ~ ™ (m% —d g M(mitm)

(15 £ 15V/5)

= (15 £ 15V/5)

}/Ae*\yz/m2|/>\dy2

~lyl/mix _ W—\y\/mz/x)

)

(2.52)
(2.53)

(2.54)

(2.55)
(2.56)

(2.57)

(2.58)
(2.59)

(2.60)

(2.61)

(2.62)
(2.63)
(2.64)

(2.65)
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The stable fixed points are

- ()0

2.2 Gaussian-Gaussian Mixture in 2D

Calculating the densities

1 1
mimse 2wo2

/_ Fur (U = y2) fi (y2)dy2

/.

)

_ 1 /1 e Y?/20% (mi+m3)
m2 +m3 \ 2ro?

Calculating the risk

=

—
N

M)

[
I

S|
—
w

w
e
|

o2
2

2
\/jo‘?’ (m% +m
T

(m7 +m3)

3)3/2

203

2)3/2 . 0'4
2 16

1g (mi +m3)’

Fixed points

m|

0

Once this length is achieved, all directions look the same, and have the same energy function.

2.3 Uniform-Uniform Mixture in 2D

Calculating the densities

m2 4

on1/2  otma
) -

4

2o?r 1/2
N

There are no stable fixed points for this case. There is a series of fixed points, such that

4 [2
g ™
16/ ~ 5.1

2)1/2 _atmy

0

4 2
i;\/;

(m7 +m3)

(m7 +m3)

)

e~ (W=v2)?/20%m3 j—y3/20°m}

0
0

)

(2.66)
(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)
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L) = [ = e

1 amsa
/ Ju (Y — y2)dy2

2ama J_om,

Assume (for now) that m; < mq and y > 0. The distribution is symmetric, so I can symmetrize it later.

1

for y +amy < ama: fy(y) = myz 4
_ 1
o 2ams
1 ama—Y 1
fi — <y< : =
or amg —am1 < y < amg + ama: fy(y) Sams /am1 S
o mitm2—y
o damims
This generalizes to the m; > mqy and the y < 0 cases, giving
2amax(1m1,m2) if |y| < a|m2 - m1|
fyly) = %ﬁgy‘ if alma —ma| < |y| < a(myi + ma)
0 otherwise
Calculating the risk (assuming mg > my)
2 a’ 2
B = & (m o+ md)
3 a’® 4 2 2 4
[2°] = 10ms (5m3 + 10mim3 + mf)
a? -
R= =20 (30m§ + 60m2m3 + 6m{ — 5am3 — 10am3m? — 5am2m‘11)
Fixed points
OR a®m;
I = 180 (30m3 + 6mi — 5am3 + 5amami) =0
OR % (453 1 30m2m3 — 10am3 — 10am#md — 3m?) — 0
Oma = 360m§ ( mey + 3Umims — 10ams — 10amims — ml) =

oo

&

N

1 1
0 a 5

m = <i>’(i\/g)’<i )
2a a 5a

and the only stable fixed point is
== (%)

§ = 324/75~43

O =0t| =
|OO@ |OO

(2.79)

(2.80)

(2.81)

(2.82)
(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)
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2.4 Laplace-Gaussian Mixture in 2D

Calculating the densities

1 1 o0 2 2 2 2
£y = / o~ (W=v2)* 207 m? ~lys] /3m3
mime 2\V/2no? J_oo
1 1 0 N2 /0 2 2 2 B S S 2
- - - e~ (W—y2)"/20"my py2/Amz e~ (W—v2)*/20"m5 ,—ya/Am;
mima 2 \V2m0? \J- 0

— 1 e(—2)\m2y+02m?)/2/\2m§ (1 —erf (i _)‘mQy + UQT”%)) +

AXms V2 omiAme
1 6(2)\m2y+02mf)/2/\2m§ 1 — erf i )‘mQy + 02m%
4 meo V2 omiAmg

(2.94)

) (2.95)

(2.96)

Blech! Also, there seems to be some problem with this calculation, so I am not going to use it for now.

This result motivated me to include the uniform distribution.

2.5 Laplace-Uniform Mixture in 2D

Calculating the densities

nw = (= o) Fon ()

1 ams ‘ |/ A
- - e~ ly—y2l/miX g
4)\am1m2/ 92

—ams
1 ama—y
= 7/ e~lul/midgy,
ddamims J_gm,—y
assume, for now, that y > 0.
. 1 0 N amz—y N
ity <oms ) = g ([ e [T et
—amz—y
- (2)\m1 — Amyelmame=y)/Am _ )\m1e(’“m2+y)/’\m1>
4amima
if y > . — # ey u/ml)\d
y >ama: fy(y) = Damims e U
—ama—y
— # (/\mle(am2+y)/>\m1 _ /\mlef(am2+y)/)\m1)
4 amime

which generalizes for the y < 0 case in the following

1
i ly| < amo: - (2_ (—amat|y])/Am1 _ <famr|y|>/xm1>
if ly| < ama: fy(y) Tars e e
1
o : _ ( (ama+lyl)/Am1 _ f<am2+|y|>/xm1>
if |y| > ama: fy(y) Tas e e
Calculating the risk
1
B[} = gang—l-/\Qm%
1
E[Z’] = Sam (12/\2m%a2m§+a4m‘21—|—24)\4m‘11(1—e‘“mQ/)‘ml)
2

(2.97)

(2.98)

(2.99)

(2.100)
(2.101)
(2.102)

(2.103)

(2.104)

(2.105)

(2.106)

(2.107)
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Expanded, the risk is

1 1
R = 5)\2m%am2 + ﬂa‘?’mg + Ami (1 — e_‘””’Q/A"“) Jamg —
1 1 1
ma4m§ — Eazmg)\Qm% — Z)\4m‘11 (2.108)
1 2,292 2 4 4 4, 4 —ama/Amy L1, o 222
R:24am (12)\ mia‘ms + a*ms + 24\*mj (1—6 >>_Z 5% ms + A*mj (2.109)
2

3 Two eyes

The goal of these calculations is to somehow get a handle on some of the dynamics of the natural scene en-
vironment, as an alternative to the abstract input environment. It has turned out to be more complicated,
even in the simple cases considered here, but we can still get some useful information. To start, however,
let’s look at pictures of the solutions for laplace-laplace, gaussian-gaussian, and uniform-uniform mixtures.
Laplace-Laplace Uniform-Uniform Gaussian-Gaussian

A=0.8 a=1.5 0°=1.0

X, 0 X, 0
S 0 5 S 0 5
X1 X1

It is clear that BCM is finding the structure in the data in the form of directions of high kurtosis.

For two eyes we have the following
y = myzh + moxl + maxt + moxh (3.110)
which reduces to the following, if the eyes see the same thing:

y = (m1+ms)ar+ (ma2+ my)rs (3.111)

= m§Tz; + msTa, (3.112)

We notice that we can use our solutions from the previous sections (Sections 2.1,2.2, and 2.3) to find m®®, but that
the solution is not uniquely defined. Any solution satisfying m‘+m” = m®¥ would work, so we have a continuum
of solutions. Since the values of modification for each eye are identical (the output, y, is the same and the
modification goes linearly with the input x) the fixed point attained is determined by the initial difference in the
two eye weights. Therefore, if we start the weights of small, we achieve the fixed point where m! = m” = m°f /2.

Normal Rearing, with two 2D eyes, can be modeled as a 2D Laplace-Laplace mixture (not 4D!) because
the eyes see the same thing. This would yield the following fixed points:

mes = (igé% )( i;}%) (3.113)

+3/2) 0
0 +£3/2)
m YNE 0 (3.114)

0 +£3/2A
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For Monocular Deprivation, the two eyes don’t see the same thing, so we can’t make this same simplification. We
can, however, make use of the fixed points from normal rearing to do the job for us. Since, in the 4D case, two
of the components of the fixed point weights are zero, the problem reduces to a two dimensional problem again:
no modification of these weights will occur. Thus, we start from the following fixed points

o~ (22) o115

and evolve in an environment of structure (laplace distribution) in one input and noise (gaussian or uniform) in
the other. Likewise, we can do the other deprivation protocols.

Experiment Initial Conditions Environment
Normal Rearing Meg = z Laplace-Laplace
o 3/2X . .
Monocular Deprivation | meg = 3/2 Laplace-[Uniform/Gaussian]
Binocular Deprivation | meg = gﬁi [Uniform-Uniform/Gaussian-Gaussian]
Reverse Suture Mg = ( Sé A ) [Uniform/Gaussian]-Laplace

3.1 Analysis of Monocular Deprivation (MD)

For MD, we start at the point

3/2A
0

3/2A
0

which gives us an effective 2D initial weight vector of
e — 3/2\
o =\ 3/2)

We are in the Laplace-Uniform' environment, with a risk function

1 1
R = 5)\2m%am2 + ﬂa?’mg + Ximf (1 — efamz/xml) Jamg —
1 1 1
mcﬁmé — Eazmg)\zm% — Z)\4m411 (3116)

In order to proceed, it would help to look at the the energy function numerically, as well as the gradient,
to see how the weights evolve. The following is the risk and gradient in Laplace-Uniform environment (monocular
deprivation).

LOr the Laplace-Gaussian environment, but we couldn’t solve that one.
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Risk for Laplace—Uniform (A=2.0,a=3.0)

A ~ 7z
. s~ NN Y
) N :\\::A//
20 r s \Ai//
: e
i e D7
YA o
0F S
| ARAS
I R
[y
—20 R
L. -
ila4 -

m’ -1 Im 12 1.4 1.6

1

Weight 1 (m;) is presented Laplace numbers and weight 2 (ms) is presented uniform noise. The risk,
shown on the left, is to be maximized. The dotted line shows the initial conditions, and solid line shows the top
of the risk surface. The weight for the input receiving structure (m;) grows to the 1D laplace solution, and the
weight receiving noise (mg) decays to zero. The gradient (left) shows the flow of the weights from the initial
conditions (circle) to the fixed point (X). The graph shows that the weight modification is dominated by the the
m1 approach to its fixed point value, and the decay of msy occurs only upon nearing this point. This is true for
small noise. For larger noise, the dynamics are more complicated, as shown in the following.

Risk for Laplace—Uniform (A=2.0,a=6.0)

0.8 1]
0.6F -/

\\\\\

20
0

\\\\\\\

NO.4j" oo
S

\\\\\\\\\\\

0-2;:::::::::::::353311
Of=ifziifinining:

We can now proceed to do the analysis using the small noise approximation.

If a < A, (and we assume that the weights themselves are not particularly large), then we can expand the
exponential in the risk function (Equation 3.116) to powers of (a/\).

R = %)\Qm%amg + 21—4a3m§’ + );ZZ% N (1 — Z—nmi %) Jamg —
ﬁa‘lm% — %ang)\zm% — i)\‘lm‘f (3.117)
= 2—14a3m§ + X3m3 — ﬁa“m‘é - 1—12@27”%)\27”% - i)ﬁlm‘f (3.118)
The modification equations are then
% = 3877]31 3)\3m% — éaQ)\zmlmg — )\4mi’ (3.119)
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1
——=_—" = —d*mi- —a'mi - —a*\’mom? (3.120)

In the small noise approximation, the second term in Equation 3.119 would be small, and we’d end up with
an equation identical to the weight modification in the one dimensional laplace environment (Equation 1.16). In
other words, in small noise, the input with structure (the open eye) develops normally to the fixed point for the
lower dimensional environment.

For the closed eye (m2) the dynamics are quite different. If we keep only the last term in Equation 3.120,
which is clearly larger than the others, and we assume that the other weight has converged quickly and is at the
fixed point (m; = 3/)), then we obtain a simple exponential decay of ms with (1/6)a? = (variance)/4 as the
exponent of decay. Keeping further terms yields qualitatively similar forms, but messier.

A Misc Math results

A.1 From Papoulis

A.2 Some trivial integrals

Indefinite Exponential integrals

v v
/ e %y = qe=/®

efu/a _ 71)/11)

a

a

s

wle v v/a) + 2q2 ( —u/a _ Ue—v/a) + 2q3 (e—u/a _ e—v/a)

(

a (ue—u/a _ —U/a) +a ( ~ufa _ e_“/“)
(
(

UBe—u/a 3 —v/a) + 3&2 <u26—u/a _ v26—v/a> +

y = g(=) (A.121)
(all possible solutions) z; = ¢ '(y) (A.122)
1 1
fyly) = mfx(ml)‘f'mfx(ﬂ«“z)‘f"" (A.123)
y = ar+b (A.124)
= g (vt
fyly) = |a|fx( - ) (A.125)
z = x4y (A.126)
N = (A127
if independent: f(z,y) = faz(2)fy(y) (A.128)
O A (A.120)
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/m4eﬂ”/adm = a(u e

1243 (uQe_“/“ — UQe_”/“) + 244* (ue_“/a — ve_“/“) + 244° (e_“/“ —

Definite Exponential integrals

Definite Gaussian integrals

4

u/a __ U467v/a> + 4@2 (U/Sefu/a _ U3€7v/a> +

o 2
/ ef(aav +bz+c)dx
0

o0 2 2
/ e " dy
0
o0 2 2
/ e " /% 4y
0
o0 2 2
/ x2e % /07 gy
0
o0 2 2
/ e /0 gy
0

B Some Code Segments

B.1 Maple

Integral for 2D Laplace (Equation 2.52)

assume (ml,positive);
assume (m2,positive);
assume (lambda,positive);

# y>0

simplify ((1/(4*lambda”2*m1*m2))* (
int (exp((y-y2)/(mi*lambda)) *exp(-y2/(m2*lambda)) ,y2=y..infinity) +
int (exp(-(y-y2)/(ml*lambda))*exp(-y2/ (m2*lambda)) ,y2=0..y) +

int (exp (- (y-y2)/(m1*lambda) ) *exp (y2/ (m2*lambda)) ,y2=-infinity..0)));

# y<0

simplify ((1/(4*lambda”2*m1*m2))* (
int (exp((y-y2)/(ml*lambda))*exp(-y2/(m2*lambda)),y2=0..infinity) +

243
6a’

244

e—v/a)

12
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int (exp(-(y-y2)/(ml*lambda))*exp(y2/(m2*lambda) ) ,y2=-infinity..y) +
int (exp ((y-y2)/(ml*lambda)) *exp(y2/ (m2*lambda)) ,y2=y..0)));

2D Laplace Fixed Points (Equation 2.65)
assume (lambda,positive) ;
assume (ml,positive);

assume (m2,positive);

s1:=diff (lambda~3*(m1°5-m2°5)/(m1°2-m2"2)-(lambda~4/4)*(m1~2+m2°2) "2,m1) ;
s2:=diff (lambda~3*(m1°5-m2°5)/(m1°2-m2"2)-(lambda~4/4) *(m1~2+m2"2) "2,m2) ;

solve({s1=0,s82=0},{m1,m2});

2D Gaussian Fixed Points (Equation 2.76)

assume (sigma,positive);

assume (ml,positive);

assume (m2,positive) ;
(1/(m1*m2))*(1/(2+#Pi*sigma”2)) *int (exp (- (y-y2) "2/ (2*sigma”2*m1~2) ) *
exp(-y272/(2*sigma”2*m27°2)) ,y2=-infinity..infinity) ;

IT:= y—> 1/(sqrt(2*Pi*sigma2))*1/(sqrt(m1°2+m2°2))*exp(-y~2/ (2*sigma”2* (m1~2+m27°2)));

z2:=simplify(int(z"2*II(z),z=0..infinity));
z3:=factor(simplify(int(z"3*II(z),z=0..infinity)));

R:=(1/3)*z3-(1/4)*z2"2;

sl:=simplify(diff(R,m1));
s2:=simplify(diff(R,m2));

solve({s1,s2},{m1,m2});

H:=hessian(R, [m1,m2]);
ev:=eigenvals(H); # must both be negative

simplify(subs({m1=0,m2=0},ev[1]));
simplify(subs({m1=0,m2=0},ev[2]));

simplify (subs ({m1=4*sqrt(2)/(sqrt(Pi)*sigma) ,m2=0},ev[1]));
simplify (subs ({m1=4*sqrt(2)/(sqrt(Pi)*sigma) ,m2=0},ev[2]));

simplify (subs ({m2=4*sqrt(2)/(sqrt(Pi)*sigma) ,m1=0},ev[1]));
simplify (subs ({m2=4*sqrt(2)/(sqrt(Pi)*sigma) ,m1=0},ev[2]));

simplify (subs ({m1=0,m2=((Pi*sigma”2*m1-32)/Pi) "~ (1/2)/sigmal},ev[1]));
simplify (subs ({m1=4*sqrt(2)/(sqrt(Pi)*sigma) ,m2=0},ev[2]));

2D Uniform Fixed Points (Equation 2.91)

with(linalg);
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assume (a,positive);
assume (ml,positive);
assume (m2,positive) ;

E2:=simplify(int(z"2%(1/(2%a*m2)),z=0..a*(m2-m1))+

int (z"2* (a*x(m1+m2) -z)/ (4*a"2*mi1*m2) ,z=a* (m2-m1) . .a* (m2+m1)));
E3:=simplify(int(z~3*(1/(2*a*m2)),z=0..a*(m2-m1))+

int (z" 3% (a*x(m1+m2)-z)/ (4*xa~2*mi1*m2) ,z=a* (m2-m1) . .a* (m2+m1)));

R:=(simplify((1/3)*E3-(1/4)*E272));
sl:=simplify(diff(R,m1));
s2:=simplify(diff(R,m2));

solve({s1,s2},{m1,m2});

H:=hessian(R, [m1,m2]);
ev:=eigenvals(H); # must both be negative

simplify(subs({m1=0,m2=9/(2*a)},ev[1]));
simplify(subs({m1=0,m2=9/(2*a)},ev[2]));

simplify (subs({m1=2*sqrt(5)/a,m2=2/a},ev[1]));
simplify (subs({m1=2*sqrt(5)/a,m2=2/a},ev[2]));

simplify (subs({m1=18/(5%a) ,m2=18/(5%a)},ev[1]));
simplify (subs({m1=18/(5%a) ,m2=18/(5%a)},ev[2]));

Integral for 2D Laplace-Gaussian Mixture (Equation 2.95)

assume (ml,positive);
assume (m2,positive) ;
assume (lambda,positive) ;

sl:=y->simplify((1/(2*1lambda*m2))*(1/(ml*sqrt(2*xPixsigma~2)))*

(int (exp(-(y-y2) "2/ (2xsigma~2*m1~2)) *exp(-y2/(m2*lambda) ) ,y2=0..infinity)));
s2:=y->simplify ((1/(2+lambda*m2))*(1/(ml*sqrt(2*Pixsigma~2)))*

(int (exp(-(y-y2) "2/ (2*sigma”2*m1~2) ) *exp(y2/ (m2*lambda)) ,y2=-infinity..0)));

fi=y->simplify(si(y)+s2(y));
£(y);

Integral for 2D Laplace-Uniform Mixture (Equation 2.100)

assume (ml,positive);
assume (m2,positive);
assume (lambda,positive);
assume (a,positive);

simplify ((1/(2*a*m2))*(1/(2*1lambda*ml))*(int (exp(-y/(m1*lambda)),y=0..a*m2)+
int (exp(y/(mi*lambda)) ,y=-a*m2..0)));

f1:=y->factor ((1/(4*lambda*ml*a*m2))*simplify(int (exp(u/(ml*lambda)),
u=(-a*m2-y) ..0)+int (exp(-u/(mi*lambda)) ,u=0. . (a*m2-y))));

f2:=y->factor((1/(4*lambda*ml*a*m2))*simplify(int (exp(u/(ml*lambda)),
u=(-a*m2-y) .. (a*m2-y)))) ;
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# should be 1/2
simplify(int (£1(y),y=0..a*m2)+int(£2(y) ,y=a*m2..infinity));

B.2 MATLAB

Visualizing 1D Laplace (Equation 1.4)

lambda=1;

y=lambda*randlaplace([1 10000]);

[n,x]=hist(y,100); n=n/(x(2)-x(1))/sum(n);
f=1/(2*1lambda)*exp (-abs(x)/lambda) ;
plot(x,n,’yo’,x,f,’y-’); yr=yrange; yrange([0 yr(2)]1);

Visualizing 1D Gaussian (Equation 1.24)
sigma=1;
y=sigma*randn([1 10000]);
[n,x]=hist(y,100); n=n/(x(2)-x(1))/sum(n);
f=1/(sqrt (2*pi*sigma~2))*exp(-x."2/(2*sigma”2)) ;
plot(x,n,’yo’,x,f,’y-’); yr=yrange; yrange([0 yr(2)]1);
Visualizing 1D Uniform (Equation 1.38)

a=2;

y=2%a* (rand ([1 10000])-.5);

[n,x]=hist(y,100); n=n/(x(2)-x(1))/sum(n);

f=(1/(2*a))* (abs (x)<=a) ;

plot(x,n,’yo’,x,f,’y-’); yr=yrange; yrange([0 yr(2)]);
Visualizing 2D Mixture of Laplace-Laplace (Equation 2.53)

ml=1; m2=2; lambda=1;

y=[m1 m2]*lambda*randlaplace([2 10000]);

[n,x]=hist(y,100); n=n/(x(2)-x(1))/sum(n);

f=1/(2*1lambda* (m1-m2)* (m1+m2) ) * (ml*exp(-abs(x)/(ml*lambda) ) -m2*exp (-abs (x) /(m2*lambda))) ;

plot(x,n,’yo’,x,f,’y-’); yr=yrange; yrange([0 yr(2)]1);

Visualizing 2D Mixture of Gaussian-Gaussian (Equation 2.70)
ml=1; m2=2; sigma=2;
y=[ml*sigma m2*sigma]*randn([2 10000]) ;
[n,x]=hist(y,100); n=n/(x(2)-x(1))/sum(n);
f=1/sqrt (2*pixsigma”2) *1/sqrt (m2"2+m1°2) *exp(-x." 2/ (2*sigma~2* (m1~2+m2°2))) ;

plot(x,n,’yo’,x,f,’y-’); yr=yrange; yrange([0 yr(2)]1);

Visualizing 2D Mixture of Uniform-Uniform (Equation 2.85)

a=1; ml=1; m2=2;
y=2*ax*[m1 m2]*(rand([2 10000])-.5);
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[n,x]=hist(y,100); n=n/(x(2)-x(1))/sum(n);

f= (1/(2*a*max(mi,m2)))*(abs(x)<a*abs(m2-m1))+ ...
((m2-abs(x)+m1)/(4*a*mi1*m2)) .* ( (abs(x)>a*abs(m2-ml1)) & (abs(x)<a*x(m2+m1)) );

plot(x,n,’0’,x,f,’y-’); yr=yrange; yrange([0 yr(2)]);

Visualizing 2D Mixture of Laplace-Uniform (Equation 2.104)

a=5; ml=1; m2=2;lambda=1;
y=sum( [m2*a*2*(rand([1 10000])-.5) ;ml*lambda*randlaplace([1 10000]) 1);

[n,x]=hist(y,100); dx=(x(2)-x(1)); n=n/(x(2)-x(1))/sum(n);

£1=(1/(4*a*m2) ) * (2-exp( -(a*m2+abs(x))/(mlxlambda) )- ...
exp( -(a*m2-abs(x))/(ml*lambda) ) ).*(abs(x)<(a*m2));
£2=(1/(4*a*m2) ) * (exp( (a*m2-abs(x))/(ml*lambda) )- ...
exp( -(a*m2+abs(x))/(ml*lambda) ) ).*(abs(x)>=(a*m2));
f=f1+£2;

c1=(1/(4xa*m2))*exp( (a*m2)/(mlxlambda) );
c2=(1/(4xa*m2))*exp( (-a*m2)/(ml*lambda) );
c3=(2/ (4*a*m2)) ;

f1=(c3-c2* (exp(-abs(x)/(ml*lambda))+exp(abs(x)/(ml*lambda)))) .*(abs(x)<(a*m2)) ;
£2=(c1-c2)*exp( -abs(x)/(mi*lambda) ).*(abs(x)>=(a*m2));

f=f1+£2;

plot(x,n,’yo’,x,f,’y-’); yr=yrange; yrange([0 yr(2)]);

16



