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Abstract

The Noise Sensitivity Signature (NSS), originally introduced by Grossman and Lapedes
(1993), was proposed as an alternative to cross validation for selecting network complexity.
In this paper, we extend NSS to the general problem of regression estimation. We also
present results from regularized linear regression simulations which indicate that for prob-
lems with few data points, NSS regression estimates perform better than Generalized Cross
Validation (GCV) regression estimates [7].

1 The Noise Sensitivity Signature (INSS)

One of the fundamental problems in neural networks and regression estimation in general is to develop
reliable methods for avoiding overfitting to finite data. Grossman and Lapedes (1993) proposed the NSS for
classifications problems as a method for selecting neural network complexity to match the complexity of the
data available and in this way reduce overfitting. Unlike other methods for avoiding overfitting, such as cross
validation [5], which uses only part of the available data, and unlike common penalty functions [8, 4] which
cannot adapt to new data, the NSS approach uses all of the data in training and is manifestly data-adaptive.

The basic idea behind NSS is to generate a “noisy” data set, A/, by adding artificial noise to a given data set,
D, and to use N to train a network. The performance of the network optimized on N is then tested using
the original data set, D. If the training error is lower than the testing error, then the network has overfit to
the artificially added noise and therefore the network has more than sufficient complexity to model the data.
If on the other hand, the testing error is lower than the training error, then the network has insufficient
complexity. Ideally, one would choose the network complexity such that the average training and testing
performance are equal.

Grossman and Lapedes (1993) implemented this selection process for a binary classification problem in the
following way: Define @, (p) as the percent correct classification from a neural network trained on noisy
data for which a fraction, p € [0, 1], of the total data set is randomly selected and has had noise added. For
classification data, noise is added by flipping the class label of the input point. Define Q¢(p) as the percent
correct classification of the same network tested on the noise free data. The @, (p) and Qs (p) are random
variables that depend on the finite training set and the choice of noise added. For each p in a range of p,



one then trains several networks of varying complexities and plots @), and Q¢ vs. p for each network. The
NSS criterion is to select the network complexity for which the plots of @, and Q¢ vs. p are most similar.
Once a complexity is selected, training is performed on all of the noise free data.

In Section 2, we generalize the NSS complexity criterion to regression. In Section 3, we give a specific
example by showing how NSS can be applied to ridge regression. We present experimental results of NSS
complexity selection in Section 4 and conclude with a discussion in Section 5.

2 Regression NSS

Consider the standard regularized regression problem. We are given the set D = {(x;,y;)} where y; is
generated by

y=9() +e (1)
g(+) is some unknown function, and € is a random variable with zero mean and unknown variance. We would
like to find the best possible estimate f of g. In general, we minimize a cost, C(f, D, A), given by

C(f,D,A) = E(f,D) + AR(f) (2)

where E(f,D) is a measure of how well the regression function f fits the data; R(f) is a measure of the
complexity of f; and A is a non-negative tuning parameter which determines the relative importance of the
solution’s fit and complexity.

NSS was specifically designed to identify the optimal complexity for a classification network. We therefore
extend NSS to regression by using it to select an optimal value for the tuning parameter, A, and thus the
complexity of f. This selection can be accomplished in the following way.

We begin in analogy to [2] by defining an artificial noise process which takes D to D+ 6 such that each (z,y)
becomes (z + €,y + €,) where €, and €, are zero mean random variables. The amount of noise is regulated
by its variance. Using this notation, we see that @),, and Qs are given by

Qn(f) =C(f;D+6,)) (3)
and
Qs(f) =C(f, D, ). (4)
We now define
* = argmin Qu(f) )
According to the NSS criterion,
Qr(f*) > Qn(f") (6)
suggests that complexity should be increased while
Qr(f") < Qn(f") (7)

suggests that complexity should be decreased; or in other words, the @ and @Q,, will be almost equal at the
optimal complexity. To capture this behavior, we choose the A which minimizes

wwss =argmin [ B[(Q(£%) = Qu(f)?]do? Q

where the expected value is over all configurations of § for a given noise variance, o%; and the integral is over
all possible variances. We note at this point that this integral is in general unbounded®. This unboundedness
can be handled by adding a measure on the variance space, in effect making the integral into an expected
value. However, this approach leaves the problem of which measure to choose. Here we can be guided by
the intrinsic variance of the data set, D, which sets a natural scale for any artificial noise that we might add.

We will see this for a particular regression setting in Eqn. 16 where we solve the problem by renormalizing.



Once Anss is found using Eqn. 8, the optimal regression function is given by
fNSS = arg mfin C(f, D, )\NSS)- (9)

The original NSS also made use of a measure of the distance, D, between minimizers of @),, given various
noise configurations. We generalize this measure to regression by defining

Dy = E[(f1 — f2)°] (10)

where f; minimizes Q,(f, A\, D, d;); §1 and J; are independent noise configurations; and the expected value
is take over all §; and do with the same variance. D) can be thought of as another measure of complexity
(or “stiffness”) since as complexity increases, f1 and fo will wiggle around more and thus Dy will increase.
However, it is not clear how to use this “stiffness” measure in the regression setting. (See Section 3.2.)

3 NSS and Ridge Regression

In this section we give an explicit example of how Regression NSS can be used in a linear regression problem.
In the case of linear regression, Eqn. (1) becomes

yi = Bz + n; (11)

where 8 and x; are d dimensional vectors and n; is noise with zero mean and unknown variance. Defining
Y as the N dimensional vector of y;, X as the matrix of x; vectors and N as the number of data points in
D, we find that ridge regression [6] sets

CB,DN) =Y = X'B(Y - X'B) +\6'5. (12)
In order to derive a @f qnd @, from C, we must specify the type of artificial noise we will use. We have

chosen €, ~ N(0,0%) and €, = 0; and define € as the N dimensional vector of ¢,’s. With this choice, @,
becomes

Qu(B,D+62) = (Y +e— X'B) (Y +e— X'0) + A3'5. (13)
Minimizing Q,, gives
B = (XX + X)X (Y +e). (14)
For convenience define
AQ = Qun(B", A\, D,€) = Q(B", A, D, €) (15)
We can now use Eqns. 14 and 15 to write the integrand of Eqn. 8 as
EIN}(AQ)Y = o [trQ(l — 24) + 2tr(1 — 24)%| +
o?Yi(1— A)?Y (16)

where A = X*(XX* + )71 X. One should note two things about Eqn. 16. First, it is reassuring to note that
as the noise variance approaches zero, we recover the usual ridge regression term; and second, the integrand
is unbounded unless both #r?(1 —2A) + 2tr(1 —2A)? = 0 and Y*(1 — A)?Y = 0 which is not true in general.
Thus the integral in Eqn. 8 is unbounded and must be renormalized. We renormalize here by dividing the
integral by [o*do?, restricting both integrals to a finite interval and then taking the limit as the interval
increases to include all possible variances. This renormalization results in the following NSS selection rule
for ridge regression:

Anss = argm}%n(trQ(l —24) + 2tr(1 — 2A)2). (17)

We use this criterion to derive our experimental results. (See Section 4.)



3.1 Alternative NSS Formulation

Another approach is to find the A for which
/E[AQ]d02 =0. (18)

This equation is more like what is proposed by Grossman and Lapedes (1993) than Eqn. 8 since they compare
Qn and Qy only after averaging over different configurations of the noise. In the ridge regression framework,
Eqn. 18 can be written

tr[l — 24] /0'2d0'2 =0 (19)

and so a single value of \ satisfies Eqn. 18 for all values of the artificial noise variance and no renormalization
is needed. Equation 19 implies that
t t -1 N
tr X" (XX + M) X] = 5 (20)
The left hand side of this equation is commonly referred to as the “effective number of parameters” in the
model [3]. In this case we see that the NSS chooses the effective number of parameters to be half the number
of data points.

Diagonalizing X X, the above condition for selecting A can be re-written as
Ai N
- 21
; Ai A 2 ( )

where the \; are the eigenvalues of X X*. Since we require that A > 0, we find that N < 2d where d is
the dimensionality of the input space. This suggests that the NSS criterion may only be useful when the
number of data points is not much larger than the number of dimensions. Although this result is derived
here for the case where E[AQ] = 0, it appears to be more fundamental since similar behavior is observed in
our experimental results using Eqn. 8. (See Section 4.)

In our initial work, we attempted to use Eqn. 18 to select \. However, this approach did not give satisfactory
results which may be due to the fact that although the average AQ was zero, no constraint was placed on
the variance of AQ. Equation 8 is a method for overcoming this problem. Since Eqn. 8 minimizes the second
moment of AQ, it is simultaneously minimizes the the variance and the squared mean of AQ. One further
approach is to minimize the variance directly. This direction will be pursued in future work.

3.2 D, and Ridge Regression

For ridge regression, we can evaluate Eqn. 10 in closed form to find
Dy = 20%tr[A?] (22)

Note that D) is linear in 02 and thus the original NSS approach of looking at the sign of the curvature of
Dy does not work here. Another rule used by the original NSS was to increase the complexity if D) goes
to zero as o2 goes to zero. Here Dy goes to zero for all values of complexity suggesting that we should set
A =0 (i.e. minimize stiffness and maximize complexity). This results in basic linear regression and is not
satisfactory. For these reasons, we did not use D) in our simulations. However D) may still be useful in
some way particularly because of its close relation to the effective number of parameters. (See Eqns. 19
and 20.) It would be interesting to see how the stiffness could be usefully incorporated into the NSS criterion
presented in this paper.

4 Experimental Results

In order to test the NSS complexity selection criterion outlined in Section 3, we performed a series of ridge
regression simulations. In each case, we calculated the MSE between the true solution and the estimate



found using the NSS choice of A (Eqn. 17), the Generalized Cross Validation (GCV) choice of A given by [7]

Yi(1— A)?2Y

- A .

Agov = arg m)%n

and simple linear regression (i.e. choosing A = 0).

In analogy to Breiman (1992), we begin by selecting two 3’s: %2 has all elements equal to 1/1/20 and ™
has “ramped” elements such that the kth element is ak/20 and « is chosen to normalize §"2™P. We define
x ~ N(0,I) where I is a 20x20 identity matrix. Using this distribution, we generate X; which is the ith
instance of a 20xN matrix of N z vectors. Using X;, gat, gramp Eqn. 11 and n ~ N(0,02), we generate
the 20 dimensional vector Y12t and Y™, We now use X;, ;' and Y;"" to calculate the NSS, GCV and
unregularized estimates of 318 and 3"*™P and their corresponding MSE’s. Thus, we can vary N and o2 and
compare the relative performances of these estimates.

This comparison is shown in Figs. 1 and 2 for the NSS and GCV estimates averaged over 2000 different runs.
Each figure contains three graphs: one for each of three values of o2. Each graph shows the average MSE
(calculated relative to to the true () as a function of the number of data points in the training set. The
results for linear regression are not shown but they were dramatically worse than either NSS or GCV. This
result was expected since d < N < 2d for these experiments. The graphs also include the “optimal” average
MSE (i.e. the average MSE given that the optimal X is known for each data set). The optimal MSE is not
available in practice but is included here to show what the best possible average performance is.

The most notable aspect of the graphs is that for small data sets and small to moderate noise levels, the
NSS estimator has lower MSE than the GCV estimate. Note however that as the amount of data increases
or as the noise increases, the GCV MSE falls below the NSS MSE. This suggests that NSS is a desirable
technique when the noise is low and/or the data is sparse.

Note also that Eqn. 17 does not depend on Y. This implies that in this case, the NSS criterion has no
knowledge of the noise variance and can not adjust for it as it increases. This may explain the lower
performance at higher noise variances. This also suggests that this problem can be overcome by choosing an
appropriate measure for the integral in Eqn. 8. We are investigating this further.

Fig. 3 presents similar results using a scaled version of 412 such that the resulting 8 had length v/5. The
effect was to raise the signal to noise ratio® by a factor of 5 leading to a corresponding increase in the
performance of the NSS MSE. Comparing between graphs with the same signal to noise ratio in Figs. 1,
2 and 3; and we see that graphs with comparable ratios are qualitatively similar. This suggests that the
observed behavior of the NSS is universal.

In another experiment, we recalculated the graphs for ™™P in a 10 dimensional space and allowed for
N > 2d. The results are shown in Fig. 4. In this experiment we see for low N qualitatively the same
behavior that that we saw in Figs. 1 and 2 (since they are at the same signal to noise ratio); however, since
N is allow to increase beyond 2d we see some new behavior. At N > 26 (in this case), the NSS criterion
begins to select A = 0. We have observed that this behavior is a general feature of the NSS criterion:
Typically, the average value of A chosen by NSS drops linearly with N until the positivity constraint on A
forces all A to zero for N high enough.

Fig. 5 shows the standard deviation of the average MSEs shown in Fig. 1. Note that in the region where NSS
performs well in Fig. 1, the standard deviation of the NSS MSE in Fig. 5 is much lower than the standard
deviation of the GCV MSE suggesting that the NSS estimators are more robust in this regime.

5 Discussion

We have presented a framework for extending the NSS criterion [2] to regression. This framework adds rigor
to the original NSS criterion by making explicit the the complexity selection rule and by allowing for detailed
mathematical analysis of the resulting equations. One disadvantage of the original NSS was that its selection
rule was subjective. The method presented here removes this problem.

2Here we define the signal to noise ratio to be the ratio between the variance of 5%z and o2.



Further, we have presented a realization of this framework for the case of linear regression which removes the
computational burden of actually adding artificial noise to the data set. And we have presented computer
simulations of the linear regression case which indicate that NSS performs better than GCV when both the
noise level and the number of data points are low.
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Figure 1: 4% Experiments in 20 Dimensions: Graphs of the Average Mean Squared Error as a function of
the number of points in the training set for each of three noise variances. The signal to noise ratios for the
top, middle and lower graphs are 1:1, 1:0.2 and 1:0.04, respectively.

Figure 2: g**™P Experiments in 20 Dimensions: Graphs of the Average Mean Squared Error as a function
of the number of points in the training set for each of three noise variances. The signal to noise ratios for
the top, middle and lower graphs are 1:1, 1:0.2 and 1:0.04, respectively.

Figure 3: /5418 Experiments in 20 Dimensions: Graphs of the Average Mean Squared Error as a function
of the number of points in the training set for each of three noise variances. The signal to noise ratios for
the top, middle and lower graphs are 1:0.2, 1:0.04, 1:0.008, respectively.

Figure 4: [P Experiments in 10 Dimensions: Graphs of the Average Mean Squared Error as a function
of the number of points in the training set for each of three noise variances. The signal to noise ratios for
the top, middle and lower graphs are 1:1, 1:0.2, 1:0.04, respectively.

Figure 5: 2t Experiments in 20 Dimensions: Graphs of the standard deviation of the Mean Squared Error
as a function of the number of points in the training set for each of three noise variances.
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Figure 1: B8t Experiments in 20 Dimensions: Graphs
of the Average Mean Squared Error as a function of the
number of points in the training set for each of three
noise variances. The signal to noise ratios for the top,
middle and lower graphs are 1:1, 1:0.2 and 1:0.04, re-
spectively.

Ramped Coefficients and Noise Var 5.0

95 ; : ; . :
.
Q
ol |© Nss © f
o
X GCV o
*  Optimal L@
850 -e )
L0
o
.
8 o7 il
o
% o
= -
75 o 1
g _e’
= o
7% @ 1
X
L X=X =X e 7
6.5 *
e X .
X =X e X
ok X s<‘9<<><—>e—>e»>@;><>@
1
KooK KK KKK KK X Koo KoK KKK KK X
55 ! ! y y ‘ ‘ ‘

. .
20 22 24 26 28 30 32 34 36 38 40
Number of Points

Ramped Coefficients and Noise Var 1.0

21 T T T T T
© NSSs
2N X Gev 1
X *  Optimal
KN
191 S 4
“x A
N o’
e Lo
wisf ~x @ B
= \ Poul ©
g \ e
S17¢ * & © 4
N N
-0 g _ g 0-0 0-@ R
e
16% R J
*x N
* x* =X
K g « .
* T X
1.5F Kook S oy
Koox
*
¥y
1.4 Il Il Il Il Il * %\6 %

. . .
20 22 24 26 28 30 32 34 36 38 40
Number of Points

Ramped Coefficients and Noise Var 0.2

0.8 . : . : .
0.75F ~x o NsS b
AN X 6oV
0.7f ><\ *  Optimal
N
0.65 X ,
N
N
069 N 4
o ol \
= o o
£ 0.55¢ °_ X, B
g * « S X
| [N ~ -
0.5 « - K\x
* © ~
% N
045} * O iq X5 1
T
* oo T X
X S< -
0.4F * oo X~ B
¥ ox g 0-8s-
Kook OTE <
*
0.351 Kok o
03 , , , , , , ,

. .
20 22 24 26 28 30 32 34 36 38 40
Number of Points

Figure 2: §™™P Experiments in 20 Dimensions: Graphs
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Figure 5: (%8t Experiments in 20 Dimensions: Graphs
of the standard deviation of the Mean Squared Error as
a function of the number of points in the training set
for each of three noise variances.



