Fourier Diagonalization of Circular Matrices

Circular matrices creep into a lot of problems where one has interactions between similar elements
in a system. The interaction matriz is usually only a function of the relative difference between the
elements. Because these matrices are so common, it is good to find analytical tools which make dealing
with them easier. Here we present a method whereby one can diagonalize a circular matrix in Fourier
space, making easier analysis possible.

We start with a defintion of a Fourier transformation matrix
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and note the following theorem

Theorem 1 U is a unitary transformation matriz.
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Therefore, U is a unitary transformation matrix. O

Now we define a circular matrix M as a matrix which is only a function of the relative difference
of its indices.
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Next we transform the problem into Fourier space by using the transformation matrix U.
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It is now time to propose a theorem which will simplify the expression for D.

Theorem 2 The expression Zé\le M(j — k)e=27G=R/N s independant of k.
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is independant of k. O

Finally we make the convenient definition
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which then simplifies D to
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