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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

It is widely believed that much of learning, memory storage, and resulting organization of many parts

of the brain occur due to the modification of the efficacy or strength of at least some of the synaptic

junctions between neurons, thus altering the relation between one neuron and another. It is evident

that it would be highly inefficient for the genetic code to specify the efficacy of each synapse in the

brain. A simple alternative is for the genetic code to specify some general mechanisms for modifying the

synapses, and have the environment itself supply the rest of the information. Though it is not necessary

that the mechanisms behind the modification operate in exactly the same manner in all portions of the

nervous system, or in all animals, we assume that there are some fundamental similarities. The central

theme of this work is the role of the environment in the development, and maintenance, of

orientation selectivity and ocular dominance in the visual cortex. Along the way, we compare

statistically and biologically motivated learning rules used to model the learning in the visual cortex. I

hope to show, given the current state of the experimental data, what can be nailed down theoretically

and what cannot. In other words, I want give a motivation for further experiments to test specific

aspects of the theory in order to increase our understanding of learning and memory.

The general approach is to start simply, introducing the most obvious properties of the neuron.

Only after comparisons with either experiment or other learning rules force us to add modifications,

will we be able to add complications to the models. Simplicity is necessary if we are to gain any insight

into the problem, but it is a danger as well. Simplifying assumptions can bypass some of the important

characteristics of the brain. We will focus our attention on neurons in the visual cortex, because of

the vast amount of experimental data on that area. It is our hope, however, that the knowledge we

gain from the study of the visual system will generalize to other parts of the brain, and thus give us an

understanding about learning and memory in general.

Among the difficulties we face while modeling the visual cortex are

1. lack of knowledge of what the actual input signals to the visual cortical cells are

2. the appropriate rule for synaptic modification

1
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3. adequate representation of the visual environment, which is related to Item 1

4. an adequate representation of the complex architecture of the visual cortex

Later in this chapter we discuss the assumptions made about the inputs to the visual cortical cells

(Item 1) as well as introduce some of the synaptic modification rules, or learning rules (Item 2). We

choose a visual environment composed of natural scenes (Item 3), which is an improvement

over many models which use more abstract inputs. Throughout this work we explore single cell

properties because they are the simplest to consider, and it is a first step towards understanding the

more complicated problem of networks of neurons (Item 4). This work consists primarily of comparisons

between different forms of the BCM(Bienenstock et al., 1982) learning rule and other single cell rules,

both on experimental and theoretical grounds.

In this chapter, we introduce the properties of neurons, a description of two learning rules, the

BCM and PCA rules. We will see that the properties of many proposed learning rules can be understood

from variations of these two. In this chapter we point out some of their properties, including the key

assumptions used. In the process we introduce the central neuronal property with which this work is

based: the development of selectivity. We then explore one and two dimensional example environments,

which gives us an intuition about the learning rules.

The second chapter introduces visual deprivation as a way of comparing the theory to experiment

in a more realistic environment, made of natural scenes. This environment is an improvement over many

models which use more abstract inputs(Erwin and Miller, 1995; Miller, 1994; Linsker, 1986; Clothiaux

et al., 1991). We continue our comparison between BCM and PCA, but in more detail, allowing us to

discover the necessary aspects of the learning rules to be consistent with experiment. We then explore

some other models of deprivation, which have been proposed, and show how they compare to the BCM

and PCA rules.

The third chapter introduces projection pursuit, which provides a theoretical framework to discuss

some of the development of selectivity, and the results from visual deprivation. We present several new

learning rules, which can be placed into one of two classes: a simplification which allows us to use the

results from the previous chapter. We also introduce a simplified environment which has many of the

properties of the natural scene environment, but permits us to do analysis.

In the fourth chapter, we introduce some extensions to the model. These extensions do not fit

well into the theme of deprivation, but provide additional insight into the workings of some of the

learning rules, and gives us a broader range of experimental data to which we can compare the theory.

The extensions also give a glimpse of work yet to be done, and some of the potential of the models

themselves.
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1.1 Motivation and Key Assumptions

1.1.1 Characteristics of Neurons

Neurons communicate with one another using electrical signals called action potentials. These signals

take the form of electrical potential spikes which are produced in the soma, and travel down the length

of the axon (see Figure 1.1). The spikes then traverse the connection between one neuron and a target

neuron at a gap called the synapse using a complicated electro-chemical mechanism. The synapses

usually occur on the dendrites of the target cell, but can occur on the main body as well. The signals

from all of the dendritic branches are integrated in the soma raising the postsynaptic potential, shown

in Figure 1.2. If the potential is raised high enough, then the soma will then generate a new signal

down its own axon, in the form of an action potential.

The efficacy of the synapse can provide a way for a cell to modify its effective input signal. If the

efficacy of a synapse is low, then it will take a much stronger input signal to elicit the same response.

Modification of the synaptic efficacy can then be a very convenient mechanism for attaining desired

responses from a neuron in a particular input environment. When we speak of a learning rule, or

of a memory storage rule, we generally are referring to synaptic modification. The specific form of

the modification equation will determine, for a particular input environment, to what the neuron will

become responsive or unresponsive.

Axon

Dendrites

Soma
Synapses

Figure 1.1: The Anatomy of a Neuron (adapted from Bear, Connors, Paradiso, Neuroscience: Exploring
the Brain). Outgoing signals are sent along the axon, and incoming signals are collected in the soma
from the dendrites. Communication from one neuron to another takes place across the synapse,
where the axon from one neuron meets the dendrites of another.

1.1.2 Activation Equation

We simplify the description of the neural dynamics by choosing as variables not the instantaneous

incoming time sequence of spikes in each dendrite, the instantaneous membrane potential, or the time

sequence of outgoing spikes; but rather moving averages of these variables over appropriate time scales.
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Thus, the model neuron performs a spatial integration (it integrates over all the dendrites), rather than

spatiotemporal integration of the variables: the output at time t is a function only of the input at time

t and the neuron parameters (synaptic efficacies, internal thresholds, etc.) at time t, independent of

past history (see Figure 1.2 for examples of spatial and temporal integration). This is not to imply that

the neuron has no memory, because the values of the synaptic efficacies and internal thresholds contain

the “memory”, not the output of the cell itself. The time scales over which the instantaneous variables

are averaged, to yield the model variables, are not explicitly stated but can possibly be inferred from

the comparison of the model to experiment. This information can then be used to infer the physical

processes responsible for the behavior.

The model neuron consists of a vector of inputs, x, a vector of synaptic efficacies or weights, w,

and a scalar output, y (Figure 1.3). The values of the inputs represent an averaged presynaptic activity

originating from another cell’s axon. The output is given by

y = w · x (Activation equation) (1.1)

and represents an averaged postsynaptic activity. Neurons have a nonzero spontaneous activity when

there is no input, so we may interpret the variables y and x as activity above spontaneous. It is

then reasonable to have negative values of these variables, though we may wish to limit the values

of the negative activities to be consistent with this interpretation: a cell cannot have activity as far

below spontaneous as it can above. This can be easily achieved by making y a non-linear, asymmetric

squashing function or sigmoid of w · x, where the lowest negative value of the sigmoid is smaller, in

magnitude, than the highest positive value as shown here.

y = σ(w · x), where σ(·) looks like σ(⋅)

It is often convenient, though not completely necessary, to also allow negative weights. We can think

of the weight as representing an effective synapse, one which could in reality be made up of multiple

excitatory and inhibitory synapses or a network effect.
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time

b)

time
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Figure 1.2: Integration of Input Signals in the Soma (adapted from Bear, Connors, Paradiso, Neuro-

science: Exploring the Brain). (a) A presynaptic action potential causes the postsynaptic potential,

Vm, to rise in the soma. (b) Presynaptic signals from multiple sources have an integrated effect on the

target soma. If the postsynaptic potential is high enough, the target soma will generate its own action

potentials. (c) Integration in the soma can occur with signals coming in rapid succession.
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Figure 1.3: Model Neuron. Inputs are given by x ≡ (x1, · · · , xn), weights by w ≡ (w1, · · · , wn) and
output by y.

1.1.3 Selectivity

It has been known for some time that sensory neurons at practically all levels display various forms

of input selectivity. They may respond preferentially to a tone of a given frequency, a light spot of a

given color, a light bar of a certain orientation, etc. Since the work of Hubel and Wiesel(Hubel and

Wiesel, 1962) it has been known that most neurons in normally reared adult cat striate cortex (a part

of the visual cortex) show a strong preference for contours of a particular orientation. Although some

orientation selectivity exists in striate cortex prior to visual experience, maturation to adult levels of

specificity and responsiveness requires normal contour vision during the first 2 months of life (for review

see Fregnac and Imbert, 1984).

We will try to understand the development of selectivity, or more specifically orientation selec-

tivity in the visual cortex. We present several synaptic modification rules, under some straightforward

restrictions, and follow through with their theoretical predictions. This will then allow us to refine

the models, compare them more directly with experiment, and attempt to understand some of the

underlying mechanisms of learning.

1.1.4 Modification Equations

When we consider learning rules, we usually restrict ourselves to those rules which are local or quasi-

local. Changes in the synapses of the neuron can only depend on information accessible to it. Local

information refers to anything directly at the synapse. This includes the value of the synaptic efficacy

and the input signal impinging on the synapse. Quasi-local refers to whole cell information which can be

communicated to every synapse. This includes the output of the cell itself and any whole-cell thresholds.

A synapse does not have access to the inputs along other synapses, the activities of other neurons, global

information about the input patterns being presented to the neuron, etc.

The restriction to local or quasi-local rules for synapse modification is not merely for simplicity.

When one writes down a learning rule, one needs to ask both how the information could be transmitted
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to the synapse, and on what time scale would it need to be communicated. For example, the output

of the cell is an electrical quantity, so it is likely that some kind of backward electrical signal could

communicate this quantity to the synapses. Simple functions of the output of the cell could be calculated

by mechanisms internal to the cell, and communicated to the synapses at a slower rate, perhaps through

gene expression or conductance changes.

This way of thinking can rule out certain formulations of synaptic modification, or at least make

them highly unlikely. For example, the sum of the weights is sometimes (incorrectly) considered a quasi-

local property(MacKay and Miller, 1994). This has two main problems. First, in order to calculate

the sum of the weights, the cell must be able to “read” the values of the weights. In practice, one only

knows the value of a weight by presenting a particular input, and seeing what the output of the cell is.

If the weight is stored structurally somehow, it is difficult to imagine how the cell could obtain its value.

The second problem is with the time scale. In order to have a modification rule which uses the sum

of the weights, the value of the sum must be communicated on the shortest time scale of modification,

which is milliseconds. The cell would have to be able to collect the values of all the weights ( which

could be physically quite distant), sum them, and communicate that value to all of the other weights,

all on the scale of milliseconds. We leave it up to the one proposing such a rule to provide a possible

mechanism. The idea of locality will come up again, in Section 2.7, when we consider correlation based

models.

The cornerstone of all learning rules is the Hebb rule(Hebb, 1949). The original Hebb rule states

how synapse efficacies are strengthened:

When an axon in cell A is near enough to excite cell B and repeatedly and persistently takes

part in firing it, some growth process or metabolic change takes place in one or both cells

such that A’s efficiency in firing B, is increased.

One simple way to express this mathematically is

ẇ = yx (1.2)

It is fairly clear that, in order to actually use Hebb’s principle, one must state conditions for

synaptic decrease as specific as those for synaptic increase: if synapses are allowed only to increase, all

synapses will eventually saturate; no information will be stored and no selectivity will develop. Some

variants of the Hebb rule stabilize the weight growth through the explicit normalization of the weights.

We have mentioned the problems with this, so we will not consider it further. One variant of the Hebb

rule, proposed by Oja(Oja, 1982), avoids this problem. It includes a decay term on the weights, which

has the effect of normalizing the weights but uses local information, in the form of the synapse value

itself, and quasi-local information, in the form of the output activity:

ẇ = yx− y2w (1.3)
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According to this rule, the increase in strength of certain synapses is accompanied by the decrease

in strength of other synapses onto the same neuron. Thus, there occurs a spatial competition between

inputs. This rule is also called the PCA rule, due to its connection to the statistical method Principle

Component Analysis.

A different form of stabilization is used in the rule proposed by Bienenstock, Cooper, and

Munro(Bienenstock et al., 1982), known as the BCM rule.

ẇ = φ(y, θ)x (1.4)

where φ(y) is a scalar function of the postsynaptic activity, y, that changes sign at a value, θ, of the

output called the modification threshold.

y

φ

0
θ

The vector w is driven in the direction of the input x if the output is large (above θ), or opposite

to the direction of the input if the output is small (below θ). We may regard this as a form of temporal

competition between incoming patterns.

If the threshold, θ, is constant then we have the same instability problem that occurred with the

Hebb rule: the neuron could respond to all neurons above the threshold, causing an increase in the

weights in the direction of these patterns, which leads to still stronger activity. Instead, we take θ to

be a super-linear function of the output of the neuron, so it slides with the activity of the neuron, as

shown below

y

φ

0 θ y

φ

0 θ

The threshold acts as a negative feedback system, so the super-linearity is necessary for stability,

otherwise θ would never catch up to the growth in the activity. There are many possible mathematical

forms of the φ(·) function. For analytic tractability we often use the quadratic form of the BCM

modification equation(Intrator and Cooper, 1992):

ẇ = ηy(y − θ)x (1.5)

θ = Eτ
[
y2
]

(1.6)
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where φ(·) is given simply by a parabola, with a learning rate, η, and θ is a windowed time average of

the squared activity, Eτ
[
y2
]
. The windowed average has one free parameter, τ , which sets the window

length and thus the time scale over which threshold averages. If τ → 0, then θ instantly adjusts to the

new input, resulting in physically unreasonable fluctuations. If τ → ∞, then θ doesn’t move and we

are left with the stability problems noted earlier. A determination of this time scale, by comparison of

the model to experiment, is therefore crucial to understanding the underlying mechanism behind the

moving threshold. There are many forms we could use for the windowed average, Eτ [·]. For analytic

convenience we commonly use an exponentially weighted windowing function.

θ =
1
τ

∫ t

−∞
e−(t−t′)/τy2(t′)dt′ (1.7)

Because the PCA rule, the BCM rule, and many other Hebb-based rules are stabilized versions

of Hebb’s postulate, it is sometimes assumed that these rules behave in similar ways. Some of the

differences between the rules are quite striking, and others are more subtle. In this work we explore

several lines of comparison, from theoretical to experimental, and in the process highlight the important

questions in the field.

We continue now with some implementations of these rules for simple systems, to gain a better

understanding of their fundamental properties. We are restricting ourselves to these two rules, at

present, even though there are many more rules based on Hebb’s original statement which have been

used to model the visual cortex. Many of these rules, however, have the same basic properties of either

the PCA rule or the BCM rule, so it is instructive to look at the simple versions of these two rules first,

and then introduce more of the variants later.

1.2 One Dimensional Model: BCM

1.2.1 Fixed Point

In the one dimensional model, there is one input, x, and one weight, w, and the output of the neuron

is given simply by y = wx. Here x is treated as a random variable, so the BCM equations become

stochastic equations. These equations are

y = wx (1.8)

ẇ = ηy(y − θ)x (1.9)

θ = Eτ
[
y2
]

(1.10)

The fixed point occurs when E[ẇ] = 0, where the expectation is taken over x.

In this section, we restrict ourselves to constant input x. We consider a less restricted case in

Chapter 3. Even with this extremely restricted input structure, we obtain some remarkably complex

behavior. Some of the qualitative features of this behavior, however, can give us some understanding of
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more realistic models. From Equation 1.9 it is clear that the fixed points occur when y = 0 and when

y = θ. The following diagram demonstrates that, for the one dimensional case, only the y = θ = 1 fixed

point is stable.

What are the fixed points?

y = 0

y = θ = Eτ
[
y2
]

= y2 = 1

Which direction does y move?

0 1
> > <

y

The fixed point for the one dimensional, constant input, model the weight becomes

y = θ = Eτ
[
y2
]

= y2

⇒ y = 1 = wx

w =
1
x

(1.11)

One outcome of this fixed point is that the neuron adjusts the weight to maintain a particular

output activity level. If the input is lower, then the weight increases. If the input is high, then the

weight decreases to compensate. There is some evidence for such a regulatory process, often called

homeostasis, in experiment(Turrigiano et al., 1998). We discuss this more in Section 1.7.1.

At this point it is instructive to look at some simulation results. Although the BCM neuron attains

this fixed point, a look at the dynamics getting to the fixed point will show some important properties

of the BCM neuron. In order to do simulations we discretize the Equations 1.8-1.10, and iterate the

resulting equations on a computer. These discrete equations (see Appendix A.1 for derivation) are

yn = wnxn

θn+1 = θn +
1
τ

(
y2
n − θn

)
(1.12)

wn+1 = wn + ηyn(yn − θn+1)xn

where n is the iteration number. The three parameters in the model are the input value, x, the learning

rate, η, and the threshold averaging constant (or “memory constant”), τ . The behavior of the neuron

will depend critically on these three parameters. Experimentally, however, we can only vary the input,

x, and measure the output. Figure 1.4 are examples of the effect of these parameters on the development

of the neuron.
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Figure 1.4: Effects of the parameters on the development of the one dimensional neuron. The value of

the weight, w, and the threshold, θ, are shown as functions of time for different values of the learning

rate, η, and the memory constant, τ . The value of the input here is x = 2, so the fixed point should be

w = 1/2 and θ = 1.
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1.2.2 Oscillations

Figure 1.4A shows how the BCM neuron converges to w = 1
2 and θ = 1 for an input value of x = 2.

The memory constant, τ , determines the speed of the moving threshold. If it is too large, relative

to the learning rate, then the threshold moves slowly compared to the change in weight. The weight

will then overshoot the fixed point until the threshold “catches up”, at which point the value of the

threshold becomes larger than the output and the weights will decrease. The overshooting occurs

again as the weight decreases until the threshold catches up again. This behavior can cause some mild

oscillations (Figure 1.4D,E) which damp out, or it can cause (for large enough τ) some wildly non-

linear oscillations (Figure 1.4G,H). To understand this, we add a damped oscillatory perturbation to

the constant wo solution given in Equation 1.11.

We have to, of course, modify the equation for θ so as not to include an integral from negative

infinity.

We start with

y = wx

ẇ = ηy(y − θ)x

θ =
1
τ

∫ t

0
y2(t′)e−(t−t′)/τdt′ + e−t/τθo

and then assume

w = wo + w1e
iωte−gt

where w1 � 1, wo = 1/x and g is a positive damping constant.

After some nasty algebra (full details in Section A.2) we arrive at

ω = ±1
2

√
6τηx2 − 1− τ2η2x4

τ
(1.13)

g =
1
2

(1− τηx2)
τ

(1.14)

Equations 1.13 and 1.14 suggest that the important aspects of the theory can be described using

two parameters: τ and τηx2 (which I will define as α). In these new parameters, Equations 1.13 and 1.14

look like:

α ≡ τηx2

ω = ±1
2

√
6α − 1− α2

τ
(1.15)

g =
1
2

(1− α)
τ

(1.16)

This simple appearance of the equations lets us divide the parameter space into several regions,

based on the sign of ω and g. The simulations give us nice interpretations for these regions. The

12



CHAPTER 1. INTRODUCTION

comparison between the simulations and the analytical solutions is shown in Figure 1.5. The results are

extremely robust to changes in the parameters.

• Region A: 6α − 1− α2 ≤ 0

In this region the frequency is either zero or pure imaginary. Simulations show that this results in

the convergence of the neuron with no oscillations, like Figure 1.4A,B. Therefore when α ≤ 3−2
√

2

we get convergence.

• Region B: 6α− 1− α2 > 0 and α < 1 (g > 0)

In this region we get simple, damped oscillations, like Figure 1.4D,E. The simulations and Equa-

tions 1.15 and 1.16 are in good agreement in this region. Note that, as we increase the input into

the neuron, the frequency of oscillations increases and the rate of damping decreases.

• Region C: α > 1 (g < 0)

In this region we expect out theory to break down. If the damping constant is negative, then

we get exponentially growing solutions, and our long-time approximation falls apart. Simulations

show that the oscillations become increasingly nonlinear as α gets larger, like Figure 1.4H,I.

1.2.3 Conclusions about 1D BCM

It is clear that the stability of the BCM neuron is dependent most strongly on three parameters. Two

of them, the learning rate η and the memory constant τ , are intrinsic to the neuron. The third, the

input value x, comes from the environment. Though we have not implemented it here, it could be

possible that the neuron adjusts its intrinsic parameters to fit the particular environment. This could

be done mostly beforehand, by genetics, because neurons in particular parts of the brain can expect to

see particular types of inputs.

Experimentally, we may be able measure the intrinsic properties, like η and τ , by careful mea-

surements of the oscillation frequency and damping constant. One can easily solve Equations 1.16 and

1.15 for τ in terms of g and ω.(
g2 + ω2

)
τ2 + 2gτ − 1 = 0

τ =
−g +

√
2g2 + ω2

g2 + ω2
(1.17)

Since this expression for the memory constant does not depend on the value of the input, it could

be valuable in experimentally determining this parameter. If one knows the input, then one can use

Equation 1.16 to determine the learning rate, η, as well.

In the next chapter I determine through an alternate route that the value of τ is on the order

of 1-30 minutes. This places an upper bound on the frequency of oscillations of 1
τ ≈ 0.017Hz. Though
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η = 1 · 10−3, τ = 2 · 103
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Figure 1.5: Frequency of oscillations, ω, (left) and the decay constant, g, (right) as a function of
the input, taken from simulation. The parameters for the top simulations are τ = 2000, η = 0.001,
whereas the parameters for the bottom simulations are τ = 4000, η = 0.0001. The three regions denote
convergence (A), damped oscillations (B), and unstable behavior (C). Also shown, with a dashed line,
is the solution from Equations 1.15 and 1.16.
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many people have reported oscillations in the brain(Crick and Koch, 1990; Brown et al., 1996), and

some have implicated them in types of processing including synchrony and occlusion continuity, there

is no reason to think that the oscillations discussed here serve a functional role or are the same kind.

For instance, the oscillations reported commonly in the literature occur on a fairly fast time scale (≈
100 Hz), which rules out synaptic plasticity as a mechanism. The oscillations presented earlier are due

to changes in synaptic efficacy; changes which occur on much longer time scales than 0.01 seconds.

Therefore, if we want to measure the BCM oscillations, we should be able to distinguish them quite

easily from other types of oscillations. Measurements precise enough to deal with these problems are,

for the most part, only now starting to be done, so we may need to wait for a few years to get answers

to these questions.

1.3 Some Properties of the PCA learning rule

We start with the equations for Oja’s stabilized Hebb rule, or the so-called PCA rule

y = w · x

ẇ = yx− y2w (1.3)

We then look for the fixed points

E [ẇ] = 0 (1.18)

= E
[
x(x ·w)− (x ·w)2w

]
= E

[
(xxT)w− (wTxxTw)w

]
≡ Cw− (wTCw)w (1.19)

where the correlation matrix is defined C ≡ E
[
xxT

]
. Notice that wTCw is just a number, so the

solution for the fixed points becomes the solution of the eigenvalue equation

Cw = λw (1.20)

It follows that the weight at the fixed-points are normalized.

λ = wTCw = wTλw = λ |w|2 (1.21)

⇒ |w|2 = 1 (1.22)

It also follows, from stability analysis (see Section A.6), that the weights become parallel to the

eigenvector of C with the maximum eigenvalue. This direction is the direction of the maximum variance

in the data, and is called the principle component.
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1.4 One Dimensional Model: PCA

Using the same one dimensional model introduced in Section 1.2, and using Wyatt’s(Wyatt and Elfadel,

1995) full dynamical solution for PCA shown in Appendix A.7, we obtain the following equation for the

weight dynamics

w =
ex

2two(
e2x2tw2

o + 1− w2
o

)1/2 (1.23)

The dynamics in this case are trivial: an exponential convergence to the value w = 1, where the

input value x determines the rate. There are already some qualitative differences between these two

rules, in this simplified 1-D case. As one increases the input to the neuron, we predict from the PCA

rule that the convergence will be faster, whereas (from Equation 1.16) we would predict from the BCM

rule that the convergence will be slower. This difference is amenable to experiment, and could provide

a way to distinguish between possible learning rules. We will see that this difference also works its

way into the higher dimensional environments, and yields qualitative differences which are more easily

compared to biological systems.

1.5 Two Dimensional Model: BCM

Although the one dimensional model gives us an idea about the dynamics, one cannot obtain selectivity

with this restricted environment. We therefore take the next easiest step and introduce a two dimensional

model. A more thorough investigation of the multi-dimensional case, including a full stability analysis,

is shown in Appendix A.5. In this model we will restrict ourselves to two input patterns, x1 and x2,

presented to the neuron with equal probabilities.

 x
1

 x
2
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The BCM equations we use are

y = w · x (1.24)

ẇ = ηy(y − θ)x (1.25)

θ = Eτ
[
y2
]

(1.26)

The output, therefore, is merely the projection of a given vector, x, onto the weight vector w.

Learning then becomes the search for a particular direction in the data space which satisfy the criteria

of the BCM equations. This way of thinking about the modeling will become increasingly useful in this

work.

1.5.1 Fixed Points

The fixed point will be found when E[ẇ] = 0, or in other words, y = 0 or y = θ. That gives us four

possibilities.

• (w · x1) = 0 and (w · x2) = 0: zero weight vector

• (w · x1) = 0 and (w · x2) = θ 6= 0: weight orthogonal to x1 and has projection θ on x2

• (w · x1) = θ 6= 0 and (w · x2) = 0: weight orthogonal to x2 and has projection θ on x1

• (w · x1) = θ 6= 0 and (w · x2) = θ 6= 0: weight has equal projections, θ, on both x1 and x2

It can be shown (Section A.5.4) that the only two stable fixed points are the ones where the

weight vector is orthogonal to all but one of the inputs. For the input patterns in the previous picture

the stable solutions are shown here

 x
1

 x
2

 w
2

 w
1
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The solution w1 is selective to input pattern x1, because it responds to (has a non-zero projection

on) x1, and does not respond to (has a zero projection on) x2. Similarly, w2 is selective to input pattern

x2.

1.6 Two Dimensional Model: PCA

The simple two dimensional case also highlights some of the properties of the PCA learning rule. Given

two input patterns, x1 and x2 as before, it is a simple calculation to get the fixed points (see Section A.4),

when we remember that the neuron is seeking directions of maximum variance. An example is shown

here

 x
1

 x
2

 w
2

 w
1

It is clear that the BCM neuron and the PCA neuron are converging to very different fixed

points, but the primary difference between the two may not be completely clear. To help elucidate

this difference further, it is helpful to look at the output distribution of the neuron at the fixed point

for each of these learning rules. The output distribution is merely the probability density for finding a

particular output of the neuron over the entire input environment. This function tells us much about

the input environment, and about the properties of the learning rule.

18



CHAPTER 1. INTRODUCTION

−0.5 0 0.5 1 1.5 2 2.5
0

0.2

0.4

0.6

0.8

P
(a

ct
iv

ity
)

activity

BCM

−0.5 0 0.5 1 1.5 2 2.5
0

0.2

0.4

0.6

0.8

P
(a

ct
iv

ity
)

activity

PCA

From this picture, it appears (at least roughly) that the PCA rule is trying to have most of its

responses strong, while the BCM rule is trying to have a small subset of its responses strong, and the

others weak. We will make this more precise in Chapter 3.

1.7 LTP and LTD

The experimental verification of synaptic plasticity has occurred primarily in the hippocampus, one of

the oldest areas of the brain. In this area the circuitry is relatively simple, and well understood, which

makes experimental manipulation easier. Some of the work has more recently been reproduced in visual

cortex, as well as many other cortical areas.

Some twenty years after Hebb proposed a theoretical process for storing memories(Hebb, 1949),

such a process was found experimentally(Bliss and Lφmo, 1973; Bliss and Gardner-Medwin, 1973).

The experiment consisted of taking a pathway in the brain and stimulating it with high frequency

electrical pulses (Figure 1.6, center). The pathway was tested, both before and after the high frequency

stimulation, with very low frequency “baseline” stimulation. It was shown that the response to baseline

stimulation after the high frequency input was both much higher than before, and very long lasting (on

the order of weeks in awake animals). Such an increase, referred to as long term potentiation (LTP), in

our interpretation is a result of increased synaptic efficacy.

Guided by the BCM theory, similar experiments were performed, but used low frequency input

instead of high frequency. As was predicted by the BCM rule, a decrease in response followed the

stimulation (Figure 1.6, bottom). The decrease was long lasting, and was therefore referred to as long

term depression (LTD). An experiment was then formulated to measure the BCM φ(·) function directly.

If the cell activity is some integrated activity, over a small time window, then it would be pro-

portional to the input frequency. If also, in the short time of the input stimulus we assume that the

threshold doesn’t move much, then the φ(·) function would be approximately constant. The total weight
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Figure 1.6: LTP and LTD (results from Kirkwood and Bear (1995)). Very low frequency “baseline”
stimulus is presented alternately to two independent pathways, A and B. Measurements of excitatory
postsynaptic potentials (EPSPs, or simply, the activity of the cell) are performed. After high frequency
stimulation (HFS) to pathway A, the response of that pathway is enhanced (LTP) and independent
pathways, B, are unaffected. Low frequency stimulation (LFS) to pathway A causes a reduced response
(LTD) in that pathway, leaving independent pathways unaffected. These forms of LTP and LTD are
often called homosynaptic LTP/LTD, referring to the fact that only the stimulated pathway is affected.
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change for N input spikes at a particular frequency would be

∆w =
N∑
i=1

φ(y, θ)xi (1.27)

= φ(y, θ)
N∑
i=1

xi (1.28)

= φ(y, θ)× (total input) (1.29)

Since the total input into the cell is kept constant (N spikes for all input frequencies), the measured

change in synaptic efficacy, or equivalently, the amount of LTP/LTD is proportional to φ(y, θ). This

is strictly true only if the updates on the weights occur after the presentation of the entire input set.

If the weights modify during the input set, then the value of the output, y, would change too and we

couldn’t pull the φ(·) function out of the sum. A quick simulation shows that if the weights modify

instantaneously, but have a reasonably small learning rate, the same result occurs.

Figure 1.7, top, shows the result of the experiment. The resulting curve looks remarkably like the

BCM modification function. In order to test the presence of a moving threshold, the same measurement

was performed, this time a group of rats with no visual experience was compared to a group with normal

visual experience (Figure 1.7, bottom). The observed shift was consistent with the predicted motion of

the modification threshold, θ.

1.7.1 Discussion

Although the experimental evidence for the BCM theory is compelling, we must keep in mind that it

is not the only interpretation of the data. The “sliding threshold” result, for example, could be caused

merely by a general increase in excitability caused by normal vision, and not part of the learning rule.

Since there is no frequency (from Figure 1.7) at which LTD changes to LTP with visual experience,

a simple scaling could be the cause of the apparent shift. Unfortunately, those data points which lie

near enough to the axis to shift from LTD to LTP are those very points which are extremely difficult

to measure accurately. It is true, though, that the basic assumptions about the interpretation of the

variables x and y, and the proposal of a particular form of synaptic modification, has led to experiments

which are consistent with BCM.

One clear difference between the BCM rule and the PCA rule is the result when there is no input

into a particular pathway. From the PCA rule, we would predict that LTP induced on one pathway would

cause LTD of silent pathways, because the output of the cell would be positive and thus the decay term

would be the remaining term for any silent synapse. LTD caused by the stimulation of an independent

pathway is called heterosynaptic LTD, and has been measured in hippocampus(Christie and Abraham,

1992). This is compared to the LTD presented earlier, which is commonly called homosynaptic LTD.

Currently there is little known about the connection of either of these two forms of LTD to behavior or

changes in selectivity. A nice discussion of these topics can be found in Dudek (1996).
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Figure 1.7: Measuring the BCM φ(·) function. Shown is the change in EPSP (excitatory postsynaptic
potential, e.g. activity) as a function of the input frequency. Shown above is from Dudek and Bear
(1992), measured in hippocampus. The total input into the cell is kept constant, for all input frequencies,
so the change in activity (or synaptic efficacy) is a direct measure of the modification function, φ(·).
Shown below is Kirkwood et. al. (1996). The two graphs correspond to the same measurement
performed on rats with no visual experience (dark reared) and those with normal visual experience
(normally reared). An activity dependent shift is observed, which is consistent with the motion of the
modification threshold, θ.
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Another way to differentiate between these rules is to look at the dynamics of synaptic modifica-

tion in different conditions. One experiment used a culture of neurons, applied various pharmacological

agents to modify the activity of the neurons and measured changes in the synaptic efficacy(Turrigiano

et al., 1998). They found that reducing the activity (with TTX) for 1-2 days caused an overall increase

in the synaptic efficacy, while increasing the activity (with bicuculline) for 1-2 days caused a decrease

on the synaptic efficacy. This modulation seemed to be performed to bring the activity level back to

a particular value. This type of scaling is consistent with the weight scaling of BCM, as the threshold

moves to maintain the cell activity. If the observed synaptic changes are a result of the BCM mecha-

nism, then it implies the threshold moves at most on the order of hours. This is consistent with the

calculation of this time scale performed in the next chapter, using a completely different approach.

An experiment using priming in rat hippocampus(Holland and Wagner, 1998) observed changes

consistent with the BCM rule, and the motion of the threshold on the order of an hour. In this

experiment they gave a stimulus, called a priming stimulus, which made subsequent LTD protocols

more effective. Then they measured how long after the priming LTD was more effective, and by how

much. In our interpretation, the priming stimulus moved the threshold up to a high values, and then

the threshold moved back down over time. This would correspond to the time over which LTD would

be more effective, which the experimenters measure to be on the order of an hour.

Another way of differentiating between learning rules, using the dynamics, is to make use of the

oscillations. The oscillation of the sliding threshold is unique to the BCM learning rule, and thus could

be a strong support of the theory if measured. Yet another method is to use the rules to predict the

results of visual deprivation experiments, which is the topic of the next chapter.
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